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Solutions for the convective regime in a laterally heated vertical slot provide a prediction 
of the gap width for which the heat transfer across the slot is minimized. Although the 
theory applies strictly for large Prandtl numbers, it provides a reasonable approximation 
for air when multicellular convection is weak or nonexistent. Comparisons with numerical 
and experimental results confirm this assertion. 
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Introduction 

In the Boussinesq approximation, heat transfer across a vertical 
slot whose sides are held at different constant temperatures 
depends on three nondimensional parameters: a Rayleigh 
number based on the temperature difference, the Prandtl 
number of the fluid filling the slot, and the aspect ratio of the 
slot. Batchelor 1 argued that for sufficiently narrow slots the 
total heat transfer would be large, because it is primarily due 
to lateral conduction and therefore inversely proportional 
to the slot width. Conversely, for sufficiently wide slots the 
increased freedom of movement of the fluid would lead to the 
enhanced transfer of heat by convection, suggesting the possi- 
bility of a critical width l* for which the total transfer is a 
minimum. The determination of such a critical value is of 
obvious importance in the thermal insulation of buildings by 
cavity wall or window insulation. 

The equations governing steady two-dimensional (2-D) 
motions of the fluid may be written as 

BT 1 ~(V2~, ~) 
V4ff-Rah a x - P r  d(x, z) (1) 

V2T_ ~(T, ~) (2) 
O(x, z) 

where the temperature T and stream function ~ are made 
nondimensional by the temperature difference across the slot 
AT* and the thermal diffusivity x. The coordinates x and z are 
made nondimensional by the slot height h*, with the cold wall 
located at x=O and the hot wall at x = L ,  where L=l*/h* is 
the aspect ratio. Assuming that the horizontal surfaces z=O 
and z = 1 are adiabatic, it follows that the boundary conditions 
on the walls of the slot are 

~ k = a 0 = 0  ( x = O , x = L )  (3) 
ax 

T = 0  (x=0)  and T = I  ( x = L )  (4) 

d0 aT ~,- - o ( z = O , z = l )  (5) 
8z az 
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The parameters appearing in Equation 1 are the Prandtl 
number Pr = v/r and the Rayleigh number Rah = a*g AT*h*a/xv, 
where a* is the coefficient of thermal expansion and v is the 
kinematic viscosity. 

An appropriate nondimensional measure of total heat transfer 
is a Nusselt number for the cold wall: 

Io Nu = (0, z) dz (6) 

In insulating-system applications, the main interest is the 
dependence of Nu on l* for given values of AT*, h*, and the 
material properties of the fluid. Equations 1-6 show that, in 
general, Nu is a function of Rah, L, and Pr and- -as  variations 
in l* are confined to the single parameter L - - the  main objective 
is to determine the critical value L=Lc(Rah, Pr) at which Nu 
is a minimum for given values of Rah and Pr. This result might 
be achieved by extensive numerical calculations of the type 
described by Catton et al. 2 and Lee and Korpela, 3 who have 
made some progress in the investigation of the three-dimensional 
(3-D) parameter space involved. Here it is argued that a simple 
formula can be used to obtain a good approximation to Lc for 
a wide range of values of Rah and Pr of practical interest. 

Variation of the Nusselt number 
in the convective regime 

A basic assumption of the present theory is that the aspect ratio 
L is small, in which case three main flow regimes can be 
identified. For Rayleigh numbers Ra h ~< L-  3, heat is transferred 
across the slot mainly by conduction, and the horizontal 
temperature gradient drives a vertical two-way flow up the 
hot side and down the cold side. At higher Rayleigh numbers 
Ra h ~ L-4, the flow enters a convective regime in which neither 
the isotherms nor the streamlines are parallel to the vertical 
walls. Heat is no longer transferred across the slot predominantly 
by conduction. Finally, for Rayleigh numbers Rah>>L -4, the 
flow develops a boundary-layer structure with most of the 
vertical motion adjacent to the side walls of the slot. At large 
Prandtl numbers the transition from the conductive to the 
convective regime takes the form of an inward penetration of 
nonparallel effects associated with the turning motions at the 
ends of the slot. 4 At lower Prandtl numbers a more rapid 
transition can occur in which instability leads to the occurrence 
of multiple rolls superimposed on the large-scale circulation. 
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The influence of multiple-roll instability is discussed in later 
sections. 

Both the conductive and boundary-layer regimes emerge as 
limiting forms of the convective regime where, in the formal 
limit of infinite Prandtl number, the flow throughout most of 
the slot can be found by utilizing a "vertical boundary-layer" 
approximation 5 in which: 

~O ~ Ra~/4~(X, z) T~O(X, z) (7) 

where x=Ra~/4X. The full set of governing equations and 
boundary conditions, Equations I-5, reduces to the simplified 
form: 

0~q ' 00  ~20 ~(O,q')  
OX~- X and OX z-o(X,z) 

• = - - = 0  (X=0,  X = I )  
OX 

(8) 

(9) 

(lO) O = 0  (X=0)  and O = 1  (X=/ )  

where 

l=  Rah~/4L (11) 

The conductive limit corresponds to l ~ 0  and the boundary- 
layer limit to 1 ~ oo. The nature of the vertical boundary-layer 
approximation is such that the full boundary conditions at z = 0 
and z =  1, Equation 5, can no longer be satisfied. Instead 
a zero mass-flux condition 

qJ=0 (z=0,  z = l )  (12) 

is assumed. This assumption is consistent with a local asymptotic 
solution 5'6 of the system of Equations 8-10 as z ~ 0 and z ~ 1. 
The corresponding horizontal boundary-layer structures needed 
to adjust the solution to the wall conditions, Equation 5, have 
been discussed in Reference 7. Whether condition 12 is too 
stringent for the vertical boundary-layer system is difficult to 
determine. However, in the boundary-layer regime, approxi- 
mate solutions satisfying this type of condition have been 
obtained by both Oseen and integral techniques. 8'9 

The system of Equations 8-12 depends only on the "con- 
vective" parameter l, so the Nusselt number is given to leading 
order by 

~ Ra~/4Nu(/) (13) 

where 

O0 
Nu(/) = .1. (0, z) dz (14) 

Numerical investigation of the system s using a spectral de- 
composition in z and central differences in X yields solutions 
for Nu(l) that confirm Batchelor's original assertion of a 
position of minimum heat transfer. This position occurs when: 

l = l ~ 4 . 5  and Nu=Nuc~0 .29  (15) 

Theoretical confirmation of these results can be obtained 
from an analysis of the limit as l tends to zero. The solution 
of the system of Equations 8-12 then consists of a conduction- 
dominated core region 0 < z <  1 with: 

~I j ~ 13~c(32) =- 13 ~2 ~ ( 1 - £ )  2 and O ~ O c ( ~ ) = ~  (16) 

where Yc=X/l. The end conditions 12 require that the vertical 
flow associated with qJc be turned so that near z = 0, for example, 
there is a local adjustment on a vertical scale ~=z/14=O(1), 
where the solution can be written as 

qJ~13~(32,~ ') and ®~O(~2,~) (17) 

Here • and O satisfy the full equations and boundary conditions 
8-10 (with q', ®, z, X, and l replaced by ~ ,  O, ~', ~, and 1, 
respectively). An approximate solution can be found by expand- 
ing about the form as ~, ~ ~ ,  which must join smoothly with 
the core solution, giving 

• =tPc(~)+a~b(~2)e-~ and 6)=O~(YO+aO(Yc)e -u~ (18) 

where a is a constant. Here #, ~b, and 0 are the leading eigenvalue 
and eigenfunctions of the system: 

q~lV=0' and 0"=g(q~'~0-O~b)'( 
(19) 

~b=~b'=0=0 (~=0 ,~2= 1) 

The eigenvalue with smallest real part is # =  2.58 x 103. The 
corresponding eigenfunctions, which are shown in Reference 
4, have the properties 0'(0)--1.3, 0 ' ( 1 ) = - 4 . 4 ,  and tkm~= 
2.5 X 10-3 when a normalization 0,,~ = 1 is applied. Solutions 
(18) can be regarded as first terms in series expansions about 
~= oo, which could be improved by calculating nonlinear 
corrections and higher eigenfunctions. However the leading 
terms are probably sufficient to give a reliable indication of the 
nature of the flow; the function ~b(~) has a nearly symmetric 
form not dissimilar to W~, suggesting that higher eigenfunctions 
that contains successively more zeros in the interval 0 < ~2 < 1 
play a relatively minor role. 

The solution in the end region at the top of the slot is obtained 
from that given in Equation 18 by invoking the centro- 
symmetry of the flow, s equivalent to ~O(x, z)=~p(L-x, l-z), 
T(x, z)= 1 - T(L-x, 1 -z) and the Nusselt number, Equation 
14, can then be calculated from the main core contribution, 
Equation 16, together with the convective corrections arising 
from each end zone. Thus 

Nu~l-l+13(o~+fl) as l ~ 0  (20) 

where 

ct-=f°(do~Ox(l'z)-l)dz=ag-to'(a) 1 (21, 

/3=fo ( ~ ( O , , ) - l ) d , = a # - ' O ' ( O ) J  

Notation 

g 
h* 
l 
l* 
L 
Nu, Nu 
Pr 
Ran 
Rat 

Acceleration due to gravity 
Slot height 
Convective parameter 
Slot width 
Aspect ratio 
Nusselt numbers 
Prandtl number 
Rayleigh number based on slot height 
Rayleigh number based on slot width 

T 
AT* 
X, Z 

Nondimensional temperature 
Temperature difference across slot 
Nondimensional coordinates 

Greek symbols 
~* Coefficient of thermal expansion 
O Scaled temperature 

Thermal diffusivity 
v Kinematic viscosity 
~, Nondimensional stream function 
q~ Scaled stream function 
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In addition, from integration of the energy Equation 8 over the 
end zone and use of the mass-flux condition 12, 

fo - /Y= qJ, d2 = - -  (22) 
720 

so that 

a=la{720[O'(1)-O'(0)]}-I  = -0 .63  (23) 

An alternative--but less favorable method of estimating the 
value of a - - i s  to apply Equation 12 directly to Equation 18, 
so that, for instance, comparing maximum values of ~b and q~ 
would give 

- % ( ½ )  
a = ~ - ! {24) 

/ )max 

Then, however, solution 18 is used directly at ~=0,  where it is 
likely to be least accurate. The value, given by Equation 23, is 
preferred, because it ensures an overall heat transfer balance 
and makes use of solution 18 where it is most relevant, 
incorporating the mass-flux condition 12 indirectly. 

Figure 1 shows the numerical calculation of Nu(/) together 
with the two-term approximation 20 when a is determined by 
Equation 23, so that ct + fl = 0.00076. The curve corresponding 
to the alternative value of a given by Equation 24, for which 

+fl=0.0012, is also shown for comparison. The still higher 
curve is that corresponding to Batchelor's supposition that fl = 0 
and == 1/720, where the convective heat transfer is assumed 
to occur solely at the base of the hot wall and the top of the 

I 
4 .lOS [ ~  

2.103 

I 
' ' k_ 1 Pr 

Figure 2 Influence of Prandtl number on the end-zone solution, 
showing the behavior of the leading eigenvalue/J: numerical solution 
by the Runge-Kutta technique ( ); limit value 2,582 for Pr--, oo 
( - - - ) ; a n d t w o - t e r m a s y m p t o t i c f o r m u l a 3 2 (  - ) .Note tha t fo ra i r  
/~ = 2,816. 

cold wall. For  the values ct = 0.0011 and fl = -0.0003 given by 
Equations 21 and 23, the heat transfer at the base of the cold 
wall is actually reduced relative to the conductive value. 
However, this transfer is outweighed by the enhanced transfer 
at the top of the wall, which is associated with a significant 
narrowing of the isotherms there. 

"4 

Nu 

.3 
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! / 

I / / 
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Figure I Scaled Nusselt number Nu as a function of the convective 
parameter/: spectral solution of the core problem 5 ( + ) ;  one-term 
conductive approximation ( - - - - )  and two-term approximation 20, 
with =+ f l  equal to (a) 0.00076, (b) 0.0012, and (c) 1/720. 
Numerical data from Reference 2 is for Pr=oo, L = 1 / 1 5  (11) and 
that from Reference 3 is for Pr=O.71 and L =1 /5  (©) ,  1/10 (r-I), 
1/15 ( ~ ) ,  1/20 ( ~ ) ,  and 1/40 ( 0 ) ,  wi th partial shading indicating 
the presence of multicellular convection. Addit ional dashed curves 
are from the numerical data of Reference 11 for Pr=O.71 and 
Ra n equal to (d) 1 .8x  10' and (e) 7.1 x IOL 

Prandtl number effects 

As the preceding results are based on the assumption of infinite 
Prandtl number, it is of interest to know how they are modified 
for finite values of practical significance--particularly for air, 
where Pr=0.71.  An indication of the influence of the Prandtl 
number on Equations 21 and 23 can be obtained by retaining 
the appropriate inertia terms in the reduced vorticity equation, 
which becomes 

0"W dO 1 (~3~I . I  (~ul/ 0 3 ~  (~l-IJ) 
- ~ - -  ( 2 5 )  

dX 4 dX P r \ d X  3 dz dX 2 oz ffX 

At infinite Prandtl number, the leading eigenvalue of Equations 
19 determines the vertical scale of the end region. From 
Equation 25, the solution of the corresponding system at finite 
Prandtl number is obtained by replacing the first of Equations 
19 by 

(~IV = 0 '  q'-/~Pr- ~ (W',~b" -- W~"(k) (26) 

The new solution for the leading eigenvalue is shown in Figure 2. 
Note that for air the value of/~ is altered by less than 10% of 
its value for infinite Prandtl number. An asymptotic analysis 
of the system for Pr--* m, where the solution can be written as 

q h ~ o + P r - l q ~ l  O~Oo+Pr-101 and # ~ p o + P r - l # l  

(27) 

confirms the weak dependence on Prandtl number. At leading 
order,/~o, ~bo, and 0o are the solutions of Equations 19, and 
the system fo r /~ ,  ~ba, and 0~, 

IV p , . m 
4, -01 =Uo(%~o-% ~o)=Zl (28) 

" t ¢ 
0~ - # o ( W , 0 1  - q~l) = / ~ ( % 0 o -  ~ o )  = X2 
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has a solution satisfying the appropriate boundary conditions 
only if: 

~ (z~q~+ Z20) d~=0  (29) 

where ~ and O-are solutions of the adjoint system: 

= 0" = #0qs, 6 -  q~ (30) 
~=¢'=0=0 (~=0,~=1) 
Thus 

-~o j'~ (v '~- ' I ,7~o)~  d~ 
#1-  ~ (qJ'Oo-49o)~dYc (31) 

For the leading eigenvalue a numerical solution gives #~ = 122.3, 
so that: 

# ~  2,582+ 122.3Pr -~ (Pr--* ~ )  (32) 

This result is shown in Figure 2. 

Comparison with experimental 
and numerical results 

These arguments suggest that comparing the theoretical predic- 
tion, Equation 15, with experimental and numerical data is 
worthwhile even for a fluid of relatively low Prandtl number. 
Experimental results for air ~° are largely in line with the 
comprehensive set of numerical data obtained in Reference 3 
and so-- in  Figure 1--the main comparison is with the latter 
results. Most data points do fall close to the universal curve 
Nu(l) given by the spectral solution of the reduced system. 
Moreover, results for infinite Prandtl number obtained in 
Reference 2 fit well over a wide range of I values. Data for air 
given in Reference 3 are displayed in sets of constant aspect 
ratio L, from which it is observed that only those for the smallest 
aspect ratio, L = 1/40, deviate significantly from the minimum 
predicted by Equation 15. Results for constant L correspond 
to different values of Ra h so the minimum associated with the 
data points for L = 1/40 is not a significant one. Curves at 
constant Rah must be constructed in order for any minimum 
associated with an optimum slot width to be observable. 
Further results reported by Korpela, Lee, and Drummond xl 
allow these curves to be constructed for several values of Rah, 
including the two extreme values 1.8 x 107 and 7.1 x 107 shown 
in Figure 1. Results are not available for the much higher values 
of Ra h corresponding to L =  1/40, and the position of any 
minimum in these cases remains undetermined. 

Multicellular convection 

The discrepancy between the formula (20) and the numerical 
results for L = 1/40 appears to be due to multicellular convection, 
the presence of which is indicated by the partially shaded data 
points in Figure 1. Results of a weakly nonlinear theory ~2 for 
Pr = 7.5 indicate only a small change in the conductive Nusselt 
number at the onset of this stationary instability. However, it 
seems reasonable to believe that in such cases the sudden 
enhancement of convection will produce a minimum higher 
than that given by Equation 15 but lower than (or possibly 
equal to) the value of the Nusselt number at the onset of 
instability. It is argued here that the Prandtl number does 
not have a significant influence on the large-scale convective 
flow until its value is somewhat less than that for air. The formal 
assumption of infinite Prandtl number means that multiple rolls 
associated with shorter length-scale instabilities are avoided. 

In practice, however, the conductive state, Equation 16, is 
subject to stationary instability 13 unless the Rayleigh number 
based on slot width, Rat = RahL 3, satisfies 

Rat < Rat,s(Pr)~ 7.9 × 103pr (33) 

and a time-dependent instability ~4a5 unless it satisfies 

Ral < Ra~.r(Pr) (34) 

where Ra, r ~ 9.4 x 103pr ~/2 as Pr--* oo. At finite Prandtl num- 
bers the stationary instability must be taken into account, even 
in the description of the base flow in the slot. 4 

If the stability criterion, condition 33, associated with the 
conductive state remained uninfluenced by the underlying 
change in the large-scale flow of the convective regime, multi- 
cellular convection would occur at a value of l less than lc if: 

1," 0.052 
L <  - (35) 

7.9 x 103pr Pr 

In this case the sudden enhancement of convection throughout 
the slot would lead to the possibility of a discontinuity in the 
gradient of the Nusselt number curve of Figure 1 at 

/7.9Pr'~l/3 
l=ls=lO~a~/4 ) (<It)  (36) 

A weakly nonlinear theory in the neighborhood of l, would be 
required to determine the range of values of Pr/Ra~/4(0 for 
which the gradient of Nu is positive for l > 12, in which case l~ 
itself would become the position of minimum heat transfer. 
However, whether applying the results at lower Pr values in 
such a nonlinear theory for large Prandtl numbers would still 
be relevant remains unclear. 

In Equation 36 it is assumed that the conductive stability 
criterion is not affected by convective changes in the large-scale 
flow. This assumption is quite good for the range of interest 
(l<lc), because I c happens to be near the lower end of the 
convective regime? However, an improved stability criterion 
can be obtained from Bergholz. ~6 This suggests that, for the 
range l<lc and Prandtl numbers less than about 10 (in order 
to exclude traveling-wave instabilities), condition 33 can be 
replaced by Rat < Rat.s where: 

Ral.s_ 7.9 x 103 + kl 4 (37) 
Pr 

The value k = 6  gives a reasonable fit with the results of 
Reference 16. The large-scale convective flow is a stabilizing 
influence, with the result that condition 35 is modified to 
become: 

L <  (7.9 x 1031c-4 + k)- 1Pr 1 _ _  0.040 (38) 
Pr 

The value of I s is now determined as the smaller of the two real 
roots of the quartic equation: 
4 1 / 4  - 1 3 l~--Rah (kPr) l, + 7 . 9 x  103k-1=0 (39) 

and is shown in Figure 3, along with the cruder approximation 
given by Equation 36. Now l~<l c for: 

Pr 
- - <  0.0088 (40) 
Ra~/4 

In this case the heat transfer minimum is likely to be influenced 
by multicellular convection. The optimum slot width then 
probably lies between that corresponding to l= l ,  and that 
corresponding to l=l¢. Figure 4 shows the scaled Nusselt 
number Nu associated with each of the curves l =  l~ and l =  1¢. 
The corresponding absolute Nusselt number Nu shows how the 
overall optimum heat transfer level is influenced by external 
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Figure 3 Values of / associated with the point of minimum heat 
transfer (/,) and the onset of multicellular convection (I,). In the 
latter case both the conductive approximation, Equation 36 ( - - - ) ,  
and the improved approximation, Equation 39 ( - - )  are shown. 

2 

l OOPr 

lOOPr 
I I I 

Pr/R~* "Or 

Figure 4 Values of the scaled Nusselt number Nu associated 
with the point of minimum heat transfer (Nut) and the onset of 
multicellular convection (Nu,). The corresponding absolute Nusselt 
numbers ~ and Nu, are also shown. 

conditions, as imposed by the values of Pr and Ra h. When 
inequality 40 is satisfied, Nu,  and N~c likely provide bounds 
on the opt imum level of heat transfer. 

C o n c l u s i o n s  

The present results indicate that, for large Prandtl  number  
fluids, heat transfer across a vertical slot is minimized when the 
aspect ratio L ~ Ra~- t/4/c ~ 4.5Ra~- 1/4, that is, for a slot width of: 

4 5 (  xvh* y / 4  1".~ . \ c~g-~T.  / (41) 

at which the nondimensional  Nusselt number  is 

Nu ~0 .29(~*g  AT* h*3) 1/'* (42) 
\ toy 

Although these results are formally valid in the limit of infinite 
Prandtl  number,  they appear to provide excellent approxi- 
mations for fluids of Prandt l  number  as low as that for air 
unless muiticellular convection is present. In that case the results 

are modified in a manner  that depends on the ratio Pr/Ra~/4 
and are summarized in Figures 3 and 4. 

These conclusions may be confirmed by reference to the 
numerical data for air given in Figure 1. In this case the critical 
aspect ratio given by condition 38 is L=0.056,  which is 
consistent with a good approximation to the universal position 
of minimum heat transfer, Equation 41, for those data sets for 
which L > 1/20. The Nusselt number  is close to the value given 
by Equation 42. For L = 1/40, multicellular convection occurs 
at /~3.6 ,  well ahead of the universal minimum and in line 
with the value I s = 3.54 given by the solution of Equation 39, 
with Pr=0 .71  and Ra~l/*ls=L=l/40. The corresponding 
value of the Nusselt number  is accurately given by formula 20. 

In  applications to typical double-glazing systems, it appears 
likely that multicellular convection must be taken into account. 
For  a temperature difference of 5°C across a slot of height 1 m, 
Pr/Ra~/* = 0.0046, which is well within the upper limit predicted 
by condition 40. In this case the slot width given by 

l* l (  xvh* "~1/4 (43) 
= 

at the onset of instability is 2.15cm, whereas that given by 
Equation 41 is 2.85 cm. At the same temperature difference, the 
height would have to be reduced to about 42cm before the 
vertical Rayleigh number  Rah is small enough to ensure that 
the large-scale mechanism applies. Then the opt imum slot 
width given by Equation 41 is about  2.30cm. 
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